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Duality concepts max bTy mln CTZ‘
Lagrange dual
ATy+s=c Ax =b
sek x e K”,

onclusions

Weak duality z,y,s: ¢cl'z — b7y > 0 (duality gap)

References

Strong duality If one problem is strictly feasible

@ the other problem is solvable
@ zero duality gap at optimality
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DA up 0 0 a 0 0
Slater condition 0 Ul uQ j O 0 0 ,
0 u O 0 00
min Vi
Voa =0
Viin +2Va3 =1
V=0

Primal: us = 0, optimum is 0.
Dual: Vg =0 — Vo3 =0 — V41 =1, optimum is a.

Problem: the feasible set is too small
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@ Minimal cone (Kin): spanned by the feasible solutions
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@ Regularized problem

T T : T
Regularization e b y max b y L €0
7‘ ATy+s=c Aly+s=c Az =10
Conclusions sel ENS ’Cmin T € ’C;knin’

e equivalent
o Slater regular

@ What is Kyin and ;7
e construction?
e structure?

e complexity?
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Definition (Vinberg, 1963)

Duality concepts KC is homogeneous if for all u,v € int IC there is a linear map
M such that Mu = v and MK = K.

Outline

special polyhedral, Lorentz, semidefinite and much more
not self-dual (if yes, then symmetric)

References dual is homogeneous

rank: measure of complexity, r(K)

r(K) = r(K*)
IP complexity: © («/r(IC) log(l/e))

@ product of elements can be defined
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@ Generalized matrices:

Outline
Vo UT
u (%)
@ Multiplication (as usual):
(v UT> (s qT> (e o g +povT>
References U UQ p pO uop + qou un + uopo

@ Factorization:

Definition

T
<v0 uT> . \/% 0 . \/170 :;TT,
u o ug \/% uy — % 0 up — 1

@ Homogeneous cones: 'semidefinite’ general matrices

@ Rank: 'size’ of the matrix
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Exact dual for the homogeneous case

@ K is homogeneous

max by min c

ATy+s=c A(z+z"

)=10

sekK d@Et+2)=0i=1,...
=0 1
0

o zero duality gap

o primal feasible: primal bounded < dual feasible

@ quadratic constraint?
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Generalized Schur

References

What is u — ww* € K?

@ Schur complement for matrices:

=0

T
U—WWTEO<:><I s )

w U

@ Siegel cone:

SC(K) = {(u,w,t) : t > 0, tu — ww* € L}

if K is homogeneous SC(K) is homogeneous
every homogeneous cone is a Siegel cone
r(SC(K)) =r(K) + 1

explicit barrier function can be constructed
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@ Rotated Lorentz cone (homogeneous):
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Duality c«:rn‘cr:pts LT — {(1_07 xl, x) c Rn+2 . x() Z 0’ :C()wl _ H(L_HQ Z 0}

Product:

(z0, 21, 2) (Y0, 1, ¥) = ($0y0+$Ty, 1y +aly, Toy+y17)

References

] (UO,U1,U) = (wg,wl,w)2 el, &
1 (wo w) (wT w1)
o U u”
w” 0 e SC(L,)

w
U U,
w1 0

Everything is linear again!




Homogeneous
duality

Imre Pélik

Outline

Duality concepts

Conclusions

References

Conclusions and future research

o Complete duality theory for homogeneous cones
e without Slater condition
e explicit dual
@ Generalized Schur complement
o linearization
e rank increases by 1
@ Implementation of homogeneous solvers
e currently modelled as SDP
o more efficient modelling with homogeneous cones
@ Dual complexity
o 1(K) 2 1(Kumin) =1 (K};) < r(K)(m+1) +m
o Constructive dual with better complexity?
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