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A new product

For u,v € R™ define:

T
wov = (U v;UIV2y + V1ULy)-

Theorem (Properties of o)

2]
o
o

© 0

Distributive law: wo (v + w) = uov + wo w.
Commutative law: wov = v o u.

The unit element is 1 = (1;0), i.e., uot=1ou = u.

2

Using the notation u* = u o uw we have

uo (u?ov) =u?o (uowv).

Power associativity: uP = wo --- o u is well-defined.

Associativity does not hold in general.
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Every vector u € R™ can be written as

Outline

The Jordan
product u = )\10(1) + )\26(2)7

Spectral
decomposition

where ¢ and ¢(?) are on the boundary of the cone, and

T2
WMo =90
M o) = )
@ 6@ = @

W 4@ =y

D, @) Jordan frame

A1, Ao: eigenvalues or spectral values:
Ar2(u) = ug £ [|uginll

Naturally: uw € L & A\j2(u) >0
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Qutline Theorem
he Jordan A vector z is in a second order cone (i.e., x1 > ||zan|y) if

product

and only if it can be written as the square of a vector under
the multiplication o, i.e., x = u o u.

||U||F =V )‘% + A3 = \/§||“”2 )

[ully = max {|Au], [Aal} = Jua] + [luginly

ul = A7t 4 a1,

The cone of squares

1 1
where uou ! =u"lowu=1¢and uz2 ouz = u.
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Since the mapping v — w o v is linear, it can be represented

Outline . i
he Jorda with a matrix.
e Jordan
product
Uy U2 ... Unp
U2 Uy
s Arr (v) = )
Primal-dual SOCP
ing for SOCP Un ui
The complete
algorithm Now we have uov = Arr (u) v = Arr (u) Arr (v) ¢.

Quadratic representation:
Qu = 2Arr (u)? — Arr (u2) ,

thus Q,(v) = 2u o (uov) — u? o v is a quadratic function.
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product
Primal-dual SOCP A = Al . Ak
Notation ’ ’ ’
b (o)
s = (sl;.. ,sk) ,

With this notation we can write
k

Ax = Z Al

=1
ATy = (AlTy; Yo AkTy> .

Arr (u) and @, are block diagonal matrices built from the
blocks Arr (uz) and @),:, respectively.
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Primal-dual SOCP

Optimality conditions

Duality and optimality

@ Weak duality always holds

e Primal (dual) strict feasibility implies strong duality and
dual (primal) solvability

Under strong duality, the optimality conditions for second
order conic optimization are
Az =b,z € K
ATy4+s=c,sek
zos=0.

An equivalent form of the complementarity condition is
e —bTy=2Ts=0.
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If x € intL, consider

Outline

The Jordan
é(z) = —In (:g% _ ||x2m||§) = —In)i(z) — In ho(z),

Primal-dual SOCP

Goes to oo if z is getting close to the boundary of the cone.
The central path with . .
barrier functions Derlvatlves:

Vo(z) = _QM — 9 (x_1)T

)

5 =
] = w2l

where the inverse is taken in the Jordan algebra.
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Perturbed optimality conditions:

Outline

The Jordan

product A.T e b, T € ’C
Primal-dual SOCP
e ATy+s=c,s€ek

(3 (3

— [ g—
z'os' =2uw',i=1,...,k,
The central path with
perturbed optimality

where /* = (1;0;...;0) € R™.
Newton system:
AAz =0
ATAy+ As =0,

2o As'+ Axtos' =2uw' —xtos,i=1,...,k,

where Az = (Az';...; Az%) and As = (As';...; As).
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s 4 Ay 0
Primal-dual SOCP AT I A.’L‘ = 0
Arr(s) Arr(x) As 2uL — oS

where ¢ = (¢1;...;/%). Eliminating Az and As:

(A Arr (s)"! Arr () AT> Ay=—AArr(s) ' (2u—zo0s).

Problems:
@ Not symmetric
@ May be singular

Solution: symmetrization!
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Scaling for SOCP

Tk plete

Scaling for SOCP

min (Qp—lc)T (Qpx) max bTy
(AQ, 1) (Qpr) =b  (AQy1) y+ Q15 =Q, 1c
Qpr €KX Qp—15 ek
Lemma
If p € int IC, then
Q Q,Q,1 =1

@ The cone K is invariant, i.e., @, (K) = K.

© The scaled and the original problems are equivalent.
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producr (AQp-1) (QpAz) =0
Primal-dual SOCP (AQP—I)T Ay SR QP*IAS — O,

Scaling for SOCP

(Qpz) © (Qp—l As) + (QpAz) o (prl s) =2u — (Qpx) © (prl s) .
Simplifies to

AAxz =0
ATAy + As =0,
(Qpz) 0 (Qp-1A3) + (QpAz) 0 (Qp-15) = 2u — (Qpz) 0 (Qp-15) .

The last equation cannot be simplified!
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Scaling for SOCP

Tk plete
thm

The choice of p

AHO:
HKM:

NT:

p = ¢: does not provide a nonsingular Newton system

1/2 1/2

p=s/“orp=ax’?

in which case

Qp-18=1ro0or Qpr =1
Implemented in SDPT3.
Most popular one.

p= (@ @uee) %) = (@ @ue )

Simplifies to
Qpr = Qp-15.
Implemented in SeDuMi, MOSEK, SDPT3.
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product l"L(x7 8) =

Prima

i
w = (wl; coog wk), where Ww; = Q$1/2Si.
i

The complete
algorithm

k
5p(2,9) = @ 1j2s — e, = JZ (A (i) = )2 + (o (w;) — )2
G=il

Soo(@,8) 1= | @1/25 — e i=  max  {IM1(wi) = ul, [A2(ws) — ul}
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0o (@, 8) < b0 (@, 8) < dp ().
Neighbourhoods
N(7) :={(z,y, s) strictly feasible : §(z, s) < yu(z,s)}.

d(z,s) = 0p(x,s): narrow neighbourhood
d(z,s) = 0 (z,s) wide neighbourhood
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The complete
algorithm

IPM for SOCP

Theorem (Short-step IPM for SOCO)

Choose v = 0.088 and { = 0.06. Assume that we have a
starting point (z°,9",s°) € N(v). Compute the Newton
step from the scaled Newton system. In every iteration, . is

decreased to (1 — %) u, i.e, 0= % and the stepsize is

«a = 1. This algorithm finds an e-optimal solution for the
second order conic optimization problem with k second order

cones in at most )
(@) <\/%log >
€

iterations. (Independent of m,n!) The cost of one iteration

Is i
(@) <m3 + m2n + Zn?) 5

=1
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