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The dual is really the dual

Get a lower bound for

min C •X
AX = b

X � 0

Multiplier y ∈ Rm, s.t. yT (AX) ≤ C •X, ∀X � 0.

yT (AX) = (A∗y) •X
(C −A∗y) •X ≥ 0, ∀X � 0
C −A∗y � 0
Best lower bound:

max bT y
A∗y + S = C

S � 0
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Optimality

Zero duality gap implies optimality:

AX = b
A∗y +S = C

XS = 0 (⇔ Tr(XS) = 0)
X, S � 0,

Only sufficient condition

Necessary under strict feasibility

Complementarity: XS = 0
Strict complementarity: X + S � 0
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Strict complementarity?

C =

 0 0 0
0 0 0
0 0 1

 , b =

 1
0
0


A1 =

 1 0 0
0 0 0
0 0 0

 , A2 =

 0 0 1
0 1 0
1 0 0

 , A3 =

 0 1 0
1 0 0
0 0 1

 ,

Optimal solutions:

X =

 1 0 0
0 0 0
0 0 0

 , S =

 0 0 0
0 0 0
0 0 1

 , y =

 0
0
0


XS = 0, but X + S � 0: strict complementarity does not
hold.
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Maximal complementarity

Definition

The solutions X and S are maximally complementary if they
have the largest possible rank.

Theorem (Optimal solutions)

Any primal optimal solution is written as X = QBUXQ
T
B,

where

The r columns of QB form a basis of R(X)
QT

BQB = I (orthonormal basis)

UX � 0, r × r matrix

UX � 0 if X is in the relative interior of the optimal set.

Similarly for dual.
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Self-dual embedding model for SDP

Strict feasibility needed

min (xT
0 s0 + 1)θ

Ax −bτ +b̄θ = 0
−AT y +cτ −c̄θ = s
bT y −cTx +z̄θ = κ
−b̄T y −c̄Tx −z̄T τ = −xT

0 s0 − 1
x � 0, τ ≥ 0, s � 0, κ ≥ 0,

where

x0, s0 ∈ Rn, y0 ∈ Rm, τ, θ ∈ R
b̄ = b−Ax0, c̄ = c−AT y0 − s0, z̄ = cTx0 − bT y0 + 1

τ > 0, κ = 0: x/τ, y/τ, s/τ are optimal

τ = 0, κ > 0: infeasibility

τ = 0, κ = 0: ? (no strictly complementary solutions
exist, no improving rays exist)
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