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Notation
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Notation

U~=0
U>0
U=V
U-V

Geometry

Sn.
nxn.
Linear algebra S+ 5

nxn,
S

n X n symmetric matrices

n X n symmetric, positive semidefinite matrices
n X n symmetric, positive definite matrices

: U is symmetric positive semidefinite

: U is symmetric positive definite

: U — V is symmetric positive semidefinite

: U — V is symmetric positive definite
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Semidefinite matrices
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S The following are equivalent (M € R"*"):

iz el @ M > 0 (M is symmetric, positive semidefinite)

o ' Mz >0,Vz e R"

Ai(M)>0,Vi=1,...,n (all the eigenvalues of M are
nonnegative)

det(My ) >0, VI C{1,...,n} (all the principal
minors are nonnegative)

Geometry

o M = LLT for some lower triangular matrix L (Cholesky
factorization)

M = QDQT, D is nonnegative diagonal, QQ” =
M = Z oy iV;U; A >0
o M — ]\41/2]\41/2 (square root), MY?2 = i Vi)

(]
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The scalar product
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U,V €R™" UeV =Te(UTV)
Properties:

Outline

Linear algebra
o It really defines a scalar product
Sty et o UeU >0,and U eU =0 implies U =0
Geometry o UeV =V eU (symmetry)
o (aUeV)=a(UeV), ( U+W)eV=UeV+WeV
(linearity)
o Tr(UV) =Tr(VU) = Tr(UTVT) = Tr(VITUT) =
> Zj UijViji
o If QQT = I (orthogonal), then
(QUQT) e (QVQRT)=UeV
o If U,V =0,thenUeV >0, and U e VV = 0 if and only
if UV =0




IE496/2

Other properties
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— o uu’ =0
Ui e o If U =0, then U;; > 0, and U;; = 0 implies
Ur=U,; =0, Vk=1,...,n
o If U >0, then PUPT >0
e If U > 0, then every principal submatrix of U is PSD.
o 2TUzx = Tr(27Qx) = Tr(Quz”) = Q e xa”
A B
BT C
only if C — BTA='B = 0 (Schur complement)
o U,V symmetric. The following are equivalent:
o UV =VU
o UV is symmetric

e U and V are simultaneously diagonalizable,
U= PDyPT,V = PDyPT

Scalar product

Geometry

e If A is positive definite, then < > = 0 if and
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Linear operators over matrices
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Outline X € R™" A : R"™"™ 5 R™
Linear algebra (] AX — (Al o X)’Lnll
e 'A*y = Zz yiAz

@ This is really an adjoint!

Linear operators

Geometry

(AX)Ty = ((Aie X))y = Zy (X o 4)

_ZXoyl ) ZX

X o (A%y)
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Convex cones
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Givenz,y cCCR", a>0,0< <1

Outline

Linear algebra cone: ax 6 C
R convex: A\x + (1 — Ny €C
Dual cone: C* = {v eR": 2Ty >0, Vx € C}
Snx s
+

@ convex cone
nxn\* _ gnxn
o self-dual, (S7*")" =S
@ pointed (doesn't contain a line)

@ solid (nonempty interior), int(S}*") = S}3"
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Product cones
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The cone K can be
Linear: z > 0

Outline

Geometry Second—OI’deri o Z H‘THQ

Product cones

Rotated second-order: zox1 > ||z2.n]|, and g > 0

Semidefinite: x is (can be assembled into) a symmetric,
positive semidefinite matrix

or a product of these.
. _ X x4
Example: I = ST™" x §7
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Semidefinite optimization - general form
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— The unknown is a matrix:
Linea . T
min Tr(CX) max b' y

m

The optimization Tr(AiX) =b,i=1,...,m Z Ay, +S=C

’ i=1

X >0 S=0

o C,X,S,A; are n X n symmetric matrices
@ b,y € R™ are vectors
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Semidefinite optimization - simplified notation
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— The unknown is a matrix:
e min C e X max by
AX =b A'y+S=C
problepm 22" X >0 S>=0

e (., X, S are n x n symmetric matrices

@ b,y € R™ are vectors

e A:R"™™ — R™ is a linear operator
Weak duality:

CeX >bly
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