
IE496/2

Imre Pólik
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Notation

Sn: n× n symmetric matrices

Sn×n
+ : n× n symmetric, positive semidefinite matrices

Sn×n
++ : n× n symmetric, positive definite matrices

U � 0: U is symmetric positive semidefinite

U � 0: U is symmetric positive definite

U � V : U − V is symmetric positive semidefinite

U � V : U − V is symmetric positive definite
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Semidefinite matrices

The following are equivalent (M ∈ Rn×n):

M � 0 (M is symmetric, positive semidefinite)

xTMx ≥ 0, ∀x ∈ Rn

λi(M) ≥ 0, ∀i = 1, . . . , n (all the eigenvalues of M are
nonnegative)

det(MI,I) ≥ 0, ∀I ⊆ {1, . . . , n} (all the principal
minors are nonnegative)

M = LLT for some lower triangular matrix L (Cholesky
factorization)

M = QDQT , D is nonnegative diagonal, QQT = I

M =
∑

i λiviv
T
i , λi ≥ 0

M = M1/2M1/2 (square root), M1/2 =
∑

i

√
λiviv

T
i
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The scalar product

U, V ∈ Rn×n, U • V = Tr(UTV )
Properties:

It really defines a scalar product

U • U ≥ 0, and U • U = 0 implies U = 0
U • V = V • U (symmetry)
(αU • V ) = α(U • V ), (U +W ) • V = U • V +W • V
(linearity)

Tr(UV ) = Tr(V U) = Tr(UTV T ) = Tr(V TUT ) =∑
i

∑
j UijVji

If QQT = I (orthogonal), then
(QUQT ) • (QV QT ) = U • V
If U, V � 0, then U • V ≥ 0, and U • V = 0 if and only
if UV = 0
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Other properties

uuT � 0
If U � 0, then Uii ≥ 0, and Uii = 0 implies
Uik = Uki = 0, ∀k = 1, . . . , n
If U � 0, then PUP T � 0
If U � 0, then every principal submatrix of U is PSD.

xTUx = Tr(xTQx) = Tr(QxxT ) = Q • xxT

If A is positive definite, then

(
A B
BT C

)
� 0 if and

only if C −BTA−1B � 0 (Schur complement)

U, V symmetric. The following are equivalent:

UV = V U
UV is symmetric
U and V are simultaneously diagonalizable,
U = PDUP

T , V = PDV P
T
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Linear operators over matrices

X ∈ Rn×n, A : Rn×n → Rm

AX = (Ai •X)m
i=1

A∗y =
∑

i yiAi

This is really an adjoint!

(AX)T y = ((Ai •X)m
i=1)

T y =
∑

i

yi(X •Ai)

=
∑

i

(X • yiAi) =
∑

i

X • (yiAi)

= X • (A∗y)
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Convex cones

Given x, y ∈ C ⊆ Rn, α ≥ 0, 0 ≤ λ ≤ 1
cone: αx ∈ C

convex: λx+ (1− λ)y ∈ C
Dual cone: C∗ =

{
v ∈ Rn : xT v ≥ 0, ∀x ∈ C

}
Sn×n

+ is

convex cone

self-dual,
(
Sn×n

+

)∗ = Sn×n
+

pointed (doesn’t contain a line)

solid (nonempty interior), int(Sn×n
+ ) = Sn×n

++
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Product cones

The cone K can be

Linear: x ≥ 0
Second-order: x0 ≥ ‖x‖2
Rotated second-order: x0x1 ≥ ‖x2:n‖, and x0 ≥ 0
Semidefinite: x is (can be assembled into) a symmetric,

positive semidefinite matrix

or a product of these.
Example: K = Sn×n

+ × S`×`
+
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problem

Semidefinite optimization - general form

The unknown is a matrix:

min Tr(CX) max bT y

Tr(AiX) = bi, i = 1, . . . ,m
m∑

i=1

Aiyi + S = C

X � 0 S � 0

C,X, S,Ai are n× n symmetric matrices

b, y ∈ Rm are vectors
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The optimization
problem

Semidefinite optimization - simplified notation

The unknown is a matrix:

min C •X max bT y
AX = b A∗y + S = C

X � 0 S � 0

C,X, S are n× n symmetric matrices

b, y ∈ Rm are vectors

A : Rn×n → Rm is a linear operator

Weak duality:

C •X ≥ bT y
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